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ANALYSIS OF MECHANICAL SYSTEMS 

WITH UNCERTAIN PARAMETERS 
 

 
Abstract: The paper presents a non-traditional approach for analysis  

of uncertainties in material, geometric and load parameters. Uncertainties are 

introduced as bounded possible values – fuzzy and interval numbers. An 

application of the chosen approaches is going to be presented; the first one is the 

Monte Carlo technique as a comparison tool; the second one presents the full 

combination of all inf-sup values; the third one uses the optimization process as a 

tool for finding out a inf-sup solution. The possibilities and efficiency of 

suggested methods and algorithms are tested by programs created in the 

environment of the software package MATLAB. 
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2.1. Introduction 

 

To obtain reliable results for the solutions of engineering problems, 

exact values for the parameters of the model equations should be avail-

able. In the reality, however, those values often cannot be provided, and 

the models usually show a rather high degree of uncertainty. Computa-
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tional mechanics, for example, encounters uncertainties in geometric, 

material and load parameters as well as in the model itself and in the 

analysis procedure too (CHEN S.H. 2000). 

The obtained result using one specific value as the most significant 

value for an uncertain parameter cannot be considered as representative 

for the whole spectrum of possible results. The uncertainty is considered 

as unknown but bounded with lower and upper bounds. The interval 

numbers derived from the experimental data or expert knowledge can 

take the uncertainties into the model inputs, parameters, etc. 

The efficiency and usability of the chosen methods will be analyzed. 

The complete information about the uncertainties in the model may be 

included and one can demonstrate how these uncertainties are processed 

by the calculation procedure in MATLAB. 

 

2.2. Uncertainties and errors in structural analyses 

 

Many numerical methods are used to describe the behaviour of com-

plicated technical systems. The analysis accuracy is significantly influ-

enced by uncertainties of input parameters as well as by errors that are 

closely related with the numerical tool itself (solution exactness, algo-

rithm for solution of sets of equations, etc.) or with physical features of 

the problem. The description and definition of uncertainties and errors is 

as follows: 

– Discretisation error – represents the deviation originating from 

transferring a real problem to a mathematical model and, conse-

quently, to a computational system, 

– Parameter uncertainty – originates from inexact knowledge or 

definitions of input parameters for the analysis, 

– Error of method or solution algorithm – is connected with the 

choice of appropriate method or solution algorithm for the problem 

solution, 

– Rounding error – a numerical error, the exact result is rounded to 

the nearest number with a definite number of decimal places. 
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2.3. Outline of brief analysis of known approaches 

 

In current engineering practice the most frequently used approaches 

in modelling of mechanical systems with uncertain parameters are: 

– Probability approach – based on the probability theory and 

mathematical statistics, suitable for the case of statistically relevant 

information, 

– Monte Carlo Method – the method for task solution in which ran-

dom values are used and the solution is achieved using a properly 

chosen algorithm implementing a series of analyses for parameters 

generated from the particular interval, 

– Application of interval numbers – is suitable for smaller, almost 

“critical” number of information about system parameters (at least 

two parameters), 

– Application of fuzzy numbers – suitable when we can assess the 

significance of individual values of the system parameter. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.1. Application of interval numbers (left) and fuzzy numbers (right) 

Source: VAŠKO M. 2013 
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Monte Carlo method 

 

The Monte Carlo method uses for further analyses properly generated 

random values. The method principle lies in mapping an applied series 

of analyses for randomly generated uncertain system parameters (inputs). 

In this way, with a higher number of solutions it is possible to obtain so 

called map of solution which describes the area of all possible solutions 

for the given problem (SÁGA M. 2009). 

The advantage of the Monte Carlo method is that it is not necessary 

to know exact relationships among given and searched values of the task. 

It is sufficient to exactly define the conditions under which the solution 

will be performed. From the author´s viewpoint the most relevant is the 

use of the Monte Carlo method for calculations and optimisation in the 

field of mechanical engineering, mainly for optimisation of parameters of 

machine constructions and their parts (VAŠKO A. 2009). 

 

Application of interval numbers 

 

Interval arithmetic was developed by Moore (MOORE R.E. 1979). In 

this approach, an uncertain number is represented by an interval of real 

numbers. An interval number is a closed set R that includes the possible 

range of an unknown real number where R denotes the set of real num-

bers (NEUMAIER A. 1990). A real interval is a set of the form 

 xxxxx  :, Rxx , (2.1) 

where x  and x  are the lower (infimum) and upper (supremum) 

bounds of the interval number x respectively, and the bounds are ele-

ments of R with xx  . Given x = [ x , x ] and z = [ z , z ], four basic op-

erations are defined as follows 

 zxzx  ,zx ,   zxzx  ,zx , 

    zxzxzxzxzxzxzxzx ,,,max,,,,min zx , (2.2) 

  0or0if1,11  xxx/x// x ,  zxzx /1 . 
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The division by an interval containing zero is not defined for elemen-

tary interval operations. This restriction can be removed using so called 

extended interval arithmetic. Associative and commutative rules hold for 

the sum and multiplication, with the exception of special cases because in 

interval arithmetic the distribution law does not apply. Further rules of 

extended interval arithmetic can be found in (MOORE R.E. 1979). 

 

Application of fuzzy numbers 

 

Fuzzy arithmetic is an efficient aid in solving engineering problems 

with uncertain parameters. Practical use of standard fuzzy arithmetic 

seems problematic due to so called overestimation effect. It causes  

a lesser or more significant deviation between the arithmetic and calcu-

lated problem solution. In general, these deviations can be reduced; in 

many cases they can even be completely removed (KAUFMAN A. 1991). 

The implementation of fuzzy arithmetic seems problematic because 

some results of the analysis do not include only natural uncertainties (in-

duced in the model parameters), but also some unnatural uncertainties – 

generated by the procedure of the solution itself (HANSS M. 2000). 

Fuzzy numbers can be implemented as L-R fuzzy numbers. The 

number is characterised by the increasing left-hand side and decreasing 

right-hand side branch. These are appropriately expressed by parameter-

ised functions belonging to the defined class of basis functions. 

 

 

 

 

 

 

 

 

Fig. 2.2. Triangular (left) and rapezoidal fuzzy number (right) 

Source: ZHANG H. 2005 
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The L-R fuzzy number is referred to as triangular fuzzy number A 

defined as  321 ,, aaaA  or trapezoidal fuzzy number B defined as 

 4321 ,,, bbbbB  – shown in Fig. 2.2. 

There is another way of fuzzy number implementation which effec-

tively avoids the problem of loss of uncertainty information. Its funda-

mental principle is based on the division of the axis   to several m seg-

ments. Regular intervals at m/1Δ   are shown in Fig. 2.3. It is 

a discretisation of the membership function  x  (ZHANG H. 2005). 

The fuzzy number implementation can then be approximated by 

a discrete fuzzy number or it can be split into several intervals [    jj ba , ], 
    m...jba jj ,,1,0;   given –cuts at the –levels j , where 

 Δ1  jj   for  m...j ,,2,1   if  00  , 1m . (X.3) 

 

 

 

 

 

 

 

 

 

 

Fig. X.3. Implementation of the fuzzy number split into intervals. 

Source: ZHANG H. 2005 

 

Fuzzy arithmetic characterised by linear membership functions is de-

fined on the basis of Zadeh’s general principle and can further be reduced 

to interval arithmetic (ZADEH L.A. 1965). The scheme of complete solu-

tion procedure for the triangular fuzzy number split into several 

–cuts considering n levels at the input and m levels at the output is 

shown in Fig. 2.4. The membership functions must be linearised after 

each of the corresponding operations. This eventually leads to enormous 

losses of information about uncertainties. 
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Fig. 2.4. Solution for a triangular fuzzy number split to –cuts 

Source: VAŠKO M. 2015 

 

2.4. Algorithmisation of computing techniques 

 

During the solving of the particular tasks in the engineering practice 

using the interval arithmetic on the solution of mechanical problems, 

the already mentioned problem – overestimate effect is encountered. Its 

elimination is possible only in the case of meeting the specific assump-

tions, mainly related to the time efficiency of the computing procedures 

(HARGREAVES G.I. 2002). Now, some solution approaches already used 

or proposed by the authors will be analyzed (SÁGA M. 2009): 

– the Monte Carlo Method (MC), 

– the method for evaluation of solutions for all combinations of mar-

ginal values – all inf and sup combinations (COM2), 

– the method for seeking infimum and supremum solution applying 

the optimising procedure (OPT). 
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Monte Carlo method (MC) is a time consuming but reliable solution. 

Various combinations of the uncertain parameter deterministic values are 

generated and after the subsequent solution in the deterministic sense we 

obtain a complete set of results processed in an appropriate manner. 

Infimum and supremum calculation is as follow 

   
    1000005000  and  1   ofmax sup

1000005000  and  1   ofmin inf





mm,...,i,pFF

mm,...,i,pFF

i

i
 (2.4) 

 

Solution evaluation for all marginal values of interval parameters 

(COM2) which is also based on the set of the deterministic analyses ap-

pears as the more suitable one. The marginal interval parameter values 

are considered again but the inf and sup are also combined. The method 

provides satisfying results and can be marked as reliable, even if there is 

still a doubt about the existence of the extreme solution for the uncertain 

parameter inner values. 

For example, a solution for two interval numbers p1 = a1 b1 and 

p2 = a2 b2 may be found in the following computational way 

          

          21212121

21212121

   ofmax sup

   ofmin inf

bbF,abF,baF,aaFF

bbF,abF,baF,aaFF




 (2.5) 

 

The method of the inf and sup solution using the optimization tech-

niques (OPT) is proposed by the authors as an alternative to the first and 

to the third method. It should eliminate a big amount of analyses in the 

first method and also eliminates the problem with the possibility of the 

inf and sup existence inside of the interval parameters for the determinis-

tic values. 

Computational process for two interval numbers p1 and p2 may be 

found as follows 

     

      max   that so    find  i.e.  , sup

min   that so    find  i.e.  , inf





OPTOPTOPT

OPTOPTOPT

FFF

FFF

ppp

ppp
 (2.6) 
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2.5. Solving of truss structure with interval parameters 

 

Considering different uncertain parameters the numerical interval 

stress-strain study of a three-dimensional truss structure was performed. 

The geometry of the structure is presented on Fig. 2.5. The truss structure 

was loaded by forces F in all upper nodes of the structure. The truss 

structure consists of 14 nodes and 36 bars. Because of the computation 

memory and time demands, 36 bars have been split into five cross-

sectional groups (Fig. 2.6). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.5. Analysed truss structure 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.6. Truss structure splitted into five cross-sectional groups 
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The certain model parameters are defined as follows: 

– element mass density  = 7850 kg·m-3
, 

– Young’s modulus E = 2.1·1011 Pa, 

– length   a = 1 m. 
The uncertain input parameters are loading forces and they are de-

fined as follows: 

– loading force  F = 0.95  1.05 · 10000 N. 
Cross-section parameters were optimized depending on loading 

forces. They are defined as uncertain parameter in the vector form for the 

further analyses as follows: 

– cross-section area x = [A1, A2, A3, A4, A5] m2. 

The purpose of this study is to compare the efficiency and exactness 

of the proposed methods MC, COM2 and OPT. The results of the MC 

analysis are considered as the reference values and are used for the con-

struction of the solution map. In the case of MC method, 9000 random 

inputs have been generated; they have been evaluated and properly proc-

essed to inf/sup solutions. 

The maximal stress values calculated by the particular methods in the 

most stressed bars are shown in Table 2.1 (JAKUBOVIČOVÁ L. 2012). The 

results were obtained from the final arrangement of the solution set ap-

plying the searching algorithm for the infimum and supremum as follows: 

  xmaxmininf  ,    xmaxmaxsup  . (2.7) 

 

Table 2.1. Stress inf/sup values for the chosen bars 

 

Bar No. 
Stress [MPa] 

MC COM2 OPT 

3 191.48  211.64 190.89  210.42 191.05  211.52 

18 198.02  220.00 197.55  219.23 197.86  219.86 

32 167.42  185.04 166.29  184.98 167.11  184.97 
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If the COM2 and OPT methods are compared with the MC method, it 

can be observed that: 

– method MC is a sure method for obtaining adequate solution re-

sults, with the regard of the amount of analyses needed, 

– the disadvantage of MC and OPT methods is a problem with find-

ing the solution in the solution map corners, 

– the COM2 method does not necessarily have to give exact results, 

but from the perspective of the number of performed analyses, it is 

more efficient than the MC or OPT methods and it can “find” the 

solutions in the solution map corners, 

– the OPT method provides comparable, in some cases even better 

results than the MC method and what is very important that it does 

not need so many analyses steps as the MC method, 

– the previous considerations lead to the recommendation to combine 

COM2 and MC or OPT methods. 

 

2.6. Conclusion 

 

The paper discusses the possibility of the interval arithmetic applica-

tion in a structural analysis. The use of the interval arithmetic provides  

a new possibility of the quality and reliability appraisal of analyzed ob-

jects. Due to this numerical approach, we can analyze mechanical, tech-

nological, service and economic properties of the investigated structures 

more authentically. 

In the paper we have investigated possibilities of the stress-strain so-

lution of a truss structure with an interval loading and interval geometry. 

The centre of our interest has been mainly the comparison of the suggest-

ed numerical algorithms and their efficiency evaluation. 

This leads to the assumed conclusion that the more indefinite parame-

ters enter the system, the more significant is the uncertainty of resultant 

values. 
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