
Simulating phase transition dynamics on
nontrivial domains

 Lukasz Bolikowski and Maria Gokieli

Interdisciplinary Centre for Mathematical and Computational Modelling
University of Warsaw

Prosta 69, 00-838 Warsaw, Poland
L.Bolikowski@icm.edu.pl, M.Gokieli@icm.edu.pl

Abstract. Our goal is to investigate the influence of the geometry and
topology of the domain Ω on the solutions of the phase transition and
other diffusion-driven phenomena in Ω, modeled e.g. by the Allen-Cahn,
Cahn-Hilliard, reaction–diffusion equations. We present FEM numerical
schemes for the Allen–Cahn and Cahn–Hilliard equation based on the
Eyre’s algorithm and present some numerical results on split and dumb-
bell domains.
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1 Introduction and motivation

The Allen-Cahn equation:

ut − ε∆u = u− u3 on (0,∞)×Ω (1)

where u = u(t, x), u(0, ·) = u0 given in some domain Ω and with the homogenous
Neumann boundary condition

∂

∂n
u = 0 on (0,∞)× ∂Ω,

is of reaction-diffusion type. It is also a model of an order–disorder phase tran-
sition in alloys, u being then not a concentration, but a non-conserved order
parameter [1]. In any interpretation the equation is a dissipative system, driven
by the minimization of the free energy

F =

∫
Ω

ε

2
|∇u(x)|2 +

1

4
u4 − 1

2
u2 dx

in the Hilbert space L2(Ω). It takes the so–called gradient form

du

dt
=
δF
δu

(u),



2 Simulating phase transition dynamics

the Gateaux derivative here being taken in L2(Ω).
A second classical model of phase transition phenomena, also closely related

to diffusion, is the Cahn-Hilliard equation [2],[3]. Roughly, it can be written as:

ut −∆(−ε∆u− u+ u3) = 0 on (0,∞)×Ω (2)

u(0, ·) = u0 given in Ω and with the boundary condition

∂

∂n
u =

∂

∂n
∆u = 0 on (0,∞)× ∂Ω.

Here, u is the concentration of one of the two components of an alloy or a
mixture.

As shown by Fife [4], this equation is also a gradient system for the same free
energy F , but this times in the space H̃−1, which the zero-average subspace of
the dual of H1(Ω).

The dynamics of both these equations are far from being trivial. One of their
main characteristics is the coexistence very different time evolution scales: very
fast and very slow. This is closely related to the attractor’s structure of these
systems, and in particular to their steady states. Let us give an example, for the
simpler Allen-Cahn equation, considered in one space dimension only. Its steady
states are then given by

−εuxx + u3 − u = 0 on (a, b), u′(a) = u′(b) = 0.

Apart from constant solutions 0, −1 and 1, there are many states which are
close to 1 or −1 by the ends on the interval, and have one or more ’transition
layers’ or ’interfaces’ between these almost constant states. If we understand
by stability of these states their being or not ’attractive’ for evolving solutions
in their neighborhood, one gets immediately that 1 and −1 are stable and 0 is
unstable (just considering the linearization of the left-hand-side operator around
these states and its eigenvalues). It is known also that more layers in the steady
state means more instability. The numerical experiments performed by Fusco
and Hale in 1989 [5] seemed to indicate additionally stability of the one-layer
solution. They discovered, however, by a theoretical study, that its apparent
immobility was only an extremely slow evolution toward a constant state — the
final transition occurring, on the contrary, instantaneously. The solution got the
name of ’dormant instability’.

Things get more complicated when we pass to higher space dimensions. The
influence of the domain’s shape on the dynamics, and particularly on the char-
acter of the steady solutions, is extensively studied since the fundamental results
of Casten and Holland [6] and of Matano [7]. They found, independently, that in
a class of regions including convex domains and annuli, the only stable solution
of the reaction-diffusion type Neumann problems were constants. Other shapes
have been considered from then on. The most studied one was the dumbbell, see
Fig. 1 ([8], [9], [10], [11], [12], [13]—[14], [15]). Other shapes have been consid-
ered in [16]–[17], [13]—[14], [15]. In [18] we studied this question domains, with
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Fig. 1. Some shapes for which the question of reaction–diffusion / Allen–Cahn dynam-
ics have been studied theoretically.

a non-lipschitz boundary (see Fig. 1), obtaining existence of non–constant stable
equilibria.

The same question appears for the Cahn–Hilliard equation, it has been stud-
ied e.g. in [19], [20], [21] [22], [23], although the domain shape influence is very
little known for this case.

Let us also note that both equation coupled were also proposed as a model
of two simultaneously occurring phase transitions in alloys [24].

Numerical simulations for phase transitions are still few, and inexistant, as
far as we know, for complex domain shapes.

In [25] and [26], we proposed a numerical scheme and a solver for a system
of both equations with a more sophisticated nonlinearity. Special cases included
both equations taken separately. This fully implicit, nonlinear scheme was based
on a splitting method of Lions and Mercier [27]. Previous numerical studies of
phase transitions (see e.g. [28], [29] and references therein for the method, [30],
[31] for its application) were based on the same idea.

A much simpler and faster method, even if based on a similar splitting, has
been proposed by Eyre [32] and exploited by Vollmayr–Lee and Rutenberg in
[33]. They show that with an appropriate choice of parameters, this scheme
is semi-implicit (linearly implicit), and still stays a good approximation of the
original equations. This method has been used to get a finite difference scheme on
a square in [34], [35]. Actually, for simple rectangular domains this semi implicit
scheme can be solved via the discrete cosine transform. This would be fast and
effective, but inappriopriate for the object of our interest, i.e. complex domain
shapes. This is why we turn to the free element method.

We thus apply here the idea of Eyre, Vollmayr–Lee and Rutenberg and to
get a finite element scheme solving both equations (Section 2) and show some
numerical results in split domains (Section 3). We hope that the conference will
be an impulse to continue and broaden these first experiments. In a forthcoming
[36] we will present a detailed proof of convergence and a solver for this method
in a more general setting.
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2 Discrete scheme

We assume that Ω is polygonal. In Ω we introduce a family of quasi–uniform
triangulations Th(Ω) consisting of elements that are tetrahedrons in 3D case
or triangles in 2D case, cf. [37] or Definition 4.4.13, p.106 in [38]. We call the
parameter of triangulation, and denote by h, the maximum over the diameters
of all the triangles.

We work with the simple generic case of linear finite elements over Th(Ω),
i.e. we introduce the space

V h = {v ∈ C(Ω) : v|T ∈ P1(T ) ∀ T ∈ Th(Ω)},

where P1(T ) is the set of linear polynomials over the element T ∈ Th(Ω). The
set of all nodal points, i.e. the vertices of elements of Th(Ω), is denoted by Ωh.

2.1 The scheme for Allen–Cahn

We present the scheme for (1). Actually, the functions u3 and u could be replaced
by any increasing, locally lipschitz functions, but let them be fixed for clarity.
We use the scheme proposed in [33] with a2 = 0, a3 = 1 and a1 = a.

Let ũ be the value from the previous time step. The unknown value u is
obtained from:

u− ũ
τ
− ε∆u = (1− a)u+ aũ− ũ3. (3)

Translated into the finite element method, (3) is: knowing ṽ = vn−1 ∈ V h,
find v = vn ∈ V h such that for all test functions φ ∈ V h

(1 + (a− 1)τ)

∫
Ωh

vφ + τε

∫
Ωh

∇v∇φ = (1 + aτ)

∫
Ωh

ṽφ − τ

∫
Ωh

ṽ3φ. (4)

This leads to a linear system of equations with a positive definite matrix,
having a unique solution for all n. As shown in [33], for a ≥ 4 this scheme is
gradient stable, i.e. it has the property of conserving the gradient structure of
the problem:

F(vn) ≤ F(vn−1).

Another property which is important from the modeling point of view is the
maximum principle: the solution stays in the interval [−1, 1].

The linear system if equations that we obtain from (4) can be solved by a di-
rect or an iterative method. We actually use the direct Cholesky decomposition.
This part can be parallelized.
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2.2 The scheme for Cahn–Hilliard

We re-write (2) as: {
ut = ∆w
w = −ε2∆u+ u3 − u (5)

with the same boundary and initial conditions. The splitting allows to work with
test functions taken only from H1(Ω), and, in the discrete case, from V h — this
means that we can use only standard P1 finite elements.

The weak formulation of the problem is then:
∫
Ω

utϕ+

∫
Ω

∇w∇ϕ = 0∫
Ω

wψ − ε2
∫
Ω

∇u∇ψ −
∫
Ω

(u3 − u)ψ = 0
(6)

which should be satisfied for all φ, ψ ∈ L∞(0, T ; H1(Ω)). See e.g. [25] for the
details of the weak formulation.

Time discretization is now done as previously, by substituting u with aũ +
(1−a)u, where ũ is the value from the previous time step. This gives the following
scheme: knowing ũ = un−1 ∈ V h, find (u,w) = (un, wn) ∈ V h × V h such that
for all pairs of test functions (φ, ψ) ∈ V h × V h

∫
Ωh

u− ũ
τ

ϕ+

∫
Ωh

∇w∇ϕ = 0∫
Ωh

wψ − ε2
∫
Ωh

∇u∇ψ −
∫
Ωh

(ũ3 − aũ− (1− a)u)ψ = 0,

or 
∫
Ωh

uϕ+ τ

∫
Ωh

∇w∇ϕ =

∫
Ωh

ũφ∫
Ωh

wψ + (1− a)

∫
Ωh

uφ− ε2
∫
Ωh

∇u∇ψ =

∫
Ωh

(ũ3 − aũ)ψ = 0.
(7)

This is again a semi-implicit scheme, leading to a linear system of equations, of
unknown (u,w) ∈ R2N , with a regular matrix:

A =

[
M τG

(1− a)M − εG M

]
,

where M is the mass matrix and G is the stiffness matrix; detA = det(M2 +
τ(a− 1)MG+ τεG2) > 0, see the forthcoming [36] for details.

3 Numerical experiments

3.1 Results for Allen–Cahn

The computations for the Allen–Cahn equation has been performed with use of
the FreeFEM software on a domain which approximates non-Lipschitz domains:
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we took two nearly circular subdomains and joined them by one node to which
we add two more very small elements, as shown on Fig. 2. On the right-hand-
side there, we show the smallest of all holes considered in our experiments. More
experiments with finer meshes would still be needed. However, the results of sim-
ulations that we present below are in perfect accordance with theory established
in [18]; it is thus clear that no numerical artefacts are observed here.

Fig. 2. Two close-up views on the FEM grid near the junction of the two subdomains.

Two experiments are shown in Figure 3. They are performed with initial data
taken as random perturbations of the constant 0, the constant unstable solution.
The system evolves towards two different states: a constant solution (equal to
−1) in case (a) and a nonconstant one, close to ±1 in each subregion in case (b).
None of this data seem to evolve. Whereas it is clear that the constant final state
in (a) is stable, we continue the computations for (b) in order to check if any
evolution towards a constant state can be seen. The non–constant state seems
stable. This is actually true, as shown tn the theretical paper [18]. However, for a
numerical confirmation and an insight into the dynamics of the studied process,
we plot a measure of the rate of change of the function u in time, defined as:

m(tn) =

∫
Ω

|un − un−1|
τ

(8)

Here n is the time step, un the numerical solution at time step n, i.e. at tn = nτ .
The measure is more sensitive to changes of u than the rate of change of mass
(where mass is defined as

∫
Ω
u), in particular: m(tn) = 0 implies un ≡ un−1 a.e.

Figure 6 presents the measure for each of the experiments. Note that logarithmic
scale is used for the vertical axes.

One can see that the evolution speed is (i) nearly constant but increasing
on big intervals of time, and (ii) changing rapidly on some very short intervals.
This phenomenon is known to correspond to the evolution on the attractor, (i)
following the invariant manifolds and (ii) near the unstable equilibria (see for
instance [5] for the Allen-Cahn case). Our graphs show also a much slower and
flatter part by the end of all the experiments, which makes one think there is a
particular feature of the final state — and this is actually its stability.
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(a)

(b)

Fig. 3. Two experiments done with initial data u0 ≈ 0, with random perturbations.
The evolution is visualized at t = 0, t = 0, t = 10, t = 40, t = 100 and t = 1000 in
(a) and t = 0, t = 10, t = 100, t = 200, t = 1000 in (b). The legend stands for both
experiments. The numerical parameters are time–step τ = 0.001, the diameter of the
triangulation hmax = 0.00175. The physical parameter ε = 0.09.

Fig. 4. The interface in the final stage from Fig. 3 (b), a close-up.
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Fig. 5. The rate of mass change (8) for experiments of Figure 3.

3.2 Results for Cahn–Hilliard

For the Cahn–Hilliard equation 2, experiments were performed on a dumbbell
domain. Here, the process is much slower and we focused up to now on the
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experiments visualizing the spinodal decomposition and the nucleation processes.
The first one is occurring very rapidly, which again corresponds to the vicinity
of the steady state in the attractor. Then, we observe a very slow process of
nucleation. It occurs at the same speed in the narrow channel and in the large
subregions. The theoretical and numerical stability analysis is still to be done.

The experiment in Fig. 3.2 is performed with the numerical scheme 7 again
using Free FEM.

Fig. 6. The nucleation process for the Cahn-Hilliard equation. The geometry of the
domain is similar to the previous one, but we add a channel between the two subregions.
The evolution is visualized at t = 0, t = 10, t = 700, t = 200, t = 5000. The legend
stands for both experiments. The parameters are as before time–step τ = 0.001, the
diameter of the triangulation hmax = 0.00175, ε = 0.09.
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